Abstract-Energy consumption for bipedal walking plays a central role for a humanoid robot with limited battery capacity. Studies have revealed that exploiting the allowable Zero Moment Point region (AZR) and Center of Mass (CoM) height variation (CoMHV) are strategies capable of improving energy performance. In general, energetic cost is evaluated by integrating the electric power of multi joints. However, this Joint-Power-based Index requires computing joint torques and velocities in advance, which usually requires time-consuming iterative procedures, especially for multi-joints robots. In this work, we propose a CoM-Acceleration-based Optimal Index (CAOI) to synthesize an energetically efficient CoM trajectory. The proposed method is based on the Linear Inverted Pendulum Model, whose energetic cost can be easily measured by the input energy required for driving the point mass to track a reference trajectory. We characterize the CoM motion for a single walking cycle and define its energetic cost as Unit Energy Consumption. Based on the CAOI, an analytic solution for CoM trajectory generation is provided. Hardware experiments demonstrated the computational efficiency of the proposed approach and the energetic benefits of exploiting AZR and CoMHV strategies.
I. INTRODUCTION
Due to the limited battery capacity, energy economy of locomotion becomes one of the chief requirements in making humanoids practical [1] . Therefore, the energetic cost for bipedal walking should be seriously taken into consideration.
Many methods have been used to improve energy efficiency, such as compliant actuation design [2] , [3] , human walking learning [4] , and gait parameters optimization [5] , [6] . Generally, optimization-based approaches first evaluate a set of nominal step parameters and then update them following the gradient that minimizes the energetic cost of a desired travel distance. As shown in Fig. 1 , the total energetic cost is actually determined by the Unit Energy Consumption (UEC) of one walking cycle.
As can be seen from Fig. 1 , the first key procedure for energy efficiency optimization is to evaluate the UEC. As a prerequisite, an function for energy efficiency evaluation should be defined, which should not only be able to reflect the actual energy performance, but also be computed fast enough for its practical use. The joint power (calculated by multiplying joint torque by its angular velocity or motor This work is supported by National Natural Science Foundation of China (Grant No. 51675385) and European Union's Horizon 2020 robotics program CogIMon (ICT- 644727 
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Walking pattern generation electric current by voltage) has been used widely as the measurement criteria (called joint power index, JPI). Although other simplified criteria have been used, such as the input torque used in [7] and [8] and input energy of hip actuators used in [9] , they belong in nature to the JPI family.
Since it requires obtaining joint angles and torques (using the inverse kinematics and dynamics) or electric data in advance, the JPI is hard to be used to generate the reference Center of Mass (CoM) trajectory directly, especially for complex multi-joints humanoid robots. In this paper, we aim to propose a novel optimal index for energetic cost evaluation, capable of generating walking patterns without requiring time-consuming iterative optimization. Using the Linear Inverted Pendulum Model (LIPM), which is mass-concentrated, as the reference model that describes walking dynamics [10] , the energy performance of the walking system depends on the movement of the point mass, that is, the reference CoM trajectory. Although researchers have focused on the CoM motion optimization from different perspectives, such as boundary analysis [11] - [13] and Model Predictive Control (MPC) [14] - [16] , most of them did not associate it with energy performance explicitly. Although the work in [17] has utilized CoM work to describe the actual energy consumption, the CoM work model was obtained via a very large number of physical simulations instead of deriving the mathematical expression. Herein, as the first main contribution, we derive the equivalent expression of UEC and propose the CoM-Acceleration-based Optimal Index (CAOI) for energy performance evaluation.
Humans naturally walk in an energy-efficient manner with heel-to-toe Zero Moment Point (ZMP) movement [18] , [19] . To reduce the UEC with guaranteeing stability, allowable ZMP region (AZR) can be used. Different reference ZMP trajectories during the Single Support Phase (SSP) have been proposed, such as linear function in [20] and sinewave function in [21] . Shin et al. [22] employed fixed ZMP position during SSP with assuming zero CoM acceleration in Double Support Phase (DSP), thus led to behaviours with improved energy efficiency by exploiting AZR. Nevertheless, the studies above did not provide the theoretical explanation as to why the ZMP movement in AZR would result in higher energy efficiency. That is to say, out of the above approaches, it is hard to tell which is the most efficient form of reference ZMP and why.
Besides, another effective way of energy saving is the use of the body vertical motion (CoM height variation, CoMHV), which has been demonstrated in [23] and [24] . Recent years have also seen efforts in bipedal walking with time-varying CoM height or straight leg [25] , [26] . Using the CoMHV approach, above works qualitatively analyzed the energy efficiency (evaluated with the amount of torque input required by the knee joint). However, they still cannot provide an explicit proof of its energetic benefit. Thus, as another main contribution, we propose an analytic approach (as an example) for finding CAOI-optimal CoM trajectories and provide a unified proof of the energetic benefits of AZR and CoMHV.
The rest of this paper is organized as follows. In Section II, using the LIPM, the energetic cost of bipedal walking is analyzed and the CAOI is derived. In Section III, an analytic solution for generating the optimal CoM trajectory is proposed. Section IV analyzes the energetic benefits of AZR and CoMHV. In Section V, the energetic benefits of the proposed method are demonstrated on Nao-H25 humanoid robot. Section VI draws the conclusions.
II. ENERGY CONSUMPTION OF BIPEDAL WALKING
A. Equations of Motion -LIPM
The LIPM, as a linear approximation of humanoid walking dynamics, is based on following assumptions: 1) the robot has a lumped mass body; 2) legs are massless and telescopic.
Assuming no torque input at the support, the constant orbital energy is derived to describe the motion [10] ,
where, the letter γ denotes either the forward (x-axis) and lateral (y-axis) CoM displacement, ω is the natural frequency. Herein, we define the Walking Cycle with Unit Energy (UEWC) as shown in Fig. 2 . Different from the natural waking cycle consisting of one complete DSP and one SSP, the UEWC consists of one pre-half SSP (SSP pre ), one transitional DSP (DSP tr ), and another post-half SSP (SSP post ). Thus, combined with (1), it is easy to find that the robot speeds up in SSP pre while speeds down in SSP post . Also, it is easy to control the robot to speed up during the first half of DSP tr and then to speed down during the latter half of DSP tr . As the result, considering the directions of CoM acceleration and CoM speed, they have the same sign (they are both positive) for t in [0, t h ) while the opposite signs (positive velocity while decelerating) for t in (t h , T ]. Besides, at t = t h , the velocity has its highest value, but the acceleration is at the inflexion point (acceleration is going from positive to negative, and therefore it is zero at this point). That is,
where,
Considering the ground reaction force, the ZMP dynamics of LIPM with constant height are given bÿ
where, P γ denotes the ZMP trajectory along x-or y-axis. With (3), when ZMP falls behind CoM, the robot would speed up. Otherwise, it would speed down. When P γ is fixed at the support, the CoM acceleration would meet (2) strictly. With linear or other forms of reference ZMP, (3) may not be satisfied at a particular period. However, studies reveal that this stage merely lasts for a short time when CoM velocity is also very low [13] , [20] . Thus, it has little impact on the overall energy performance, as will be shown in following sections. Therefore, it is reasonable to assume (2) during the whole UEWC. One example of the LIPM motion under a linear ZMP trajectory during SSP is shown in Fig. 3 .
B. Energy Consumption Evaluation during One UEWC
Ignoring the friction work due to the walking surface, the UEC can be represented by the energy input for tracking the reference CoM trajectory. Since the vertical CoM motion is driven by conservative gravitational force, only the energy input for CoM movement in the horizontal plane needs to be considered. In this case, the direction of the input force either coincides with the speed direction or not. Thus, with assuming unit mass, we have
where, F t denotes the force acting on the lumped mass.
Using (2), (4) can be simplified as following integral form:
Using (2), for time t < t h , the CoM velocity increases monotonically. Otherwise, it decreases. Then, we can draw the following reasonable inferences
Then, the optimization of (5) can be further simplified as
Finally, the CAOI for energetic cost evaluation is proposed as
Since the nominal energetic cost (E nom in (4)), integral energetic cost (E int in (5)), and the CAOI (J C in (8)) can be calculated by merely employing CoM trajectory, we can evaluate the energy performance of bipedal walking without a need of computing joint angles. The effectiveness will be demonstrated in following sections.
III. ANALYTIC SOLUTION OF COM TRAJECTORY
Several previous studies such as [15] , [16] , [27] have taken the CoM acceleration as the control input and obtained robust walking patterns. However, these methods did not focus on the energy saving. According to the last section, any walking pattern generator, which minimizes the (8), can be used to generate the energy-efficient walking pattern. In term of boundary analysis, Lanari et al realized optimal double suppor transition with minimizing the CoM acceleration during one walking cycle in [13] . However, they did not study the relationship between CoM acceleration and energy consumption. Besides, their methods can not deal with the reference ZMP trajectory determined by high order polynomial. In this paper, we address these problem and use the modified approach to obtain energetically efficient CoM trajectories.
A. Problem Statement
Taking into consideration the unstable component (x u ) and stable component (x s ) as defined in [11] and [28] , we have,
Thus, the problem is, after defining the reference ZMP during SSP pre and SSP post , to solve the optimal CoM trajectory with minimal energetic cost. According to [12] , to track a reference ZMP, the following bounded particular solutions exist:
Defining the deviations of e u and e s as
Then, the CoM trajectory can be solved by
After choosing the reference ZMP, the γ * can be calculated using (10) and the optimal CoM is determined by e u and e s .
B. ZMP Tracking during SSP
During the SSP pre , we have the final condition at t = t i . The error dynamics is solved as
Considering following final condition e s (t i ) ≡ 0, the CoM trajectory from (12) can be given as
Then, the CoM acceleration can be rewritten as
Without loss of generality, the reference ZMPs during SSP pre and SSP post is given by polynomials as
To make full use of AZR, we set n not more than 2, which is the first extension compared with [13] which can only deal with n not more than 1. In this case, we have
where, α i 2 denotes the quadratic coefficient for the SSP pre .
Finally, we can calculate the optimal quadratic index as
where, W 1 and H 1 are the coefficients, ∆ pre is the constant term during the SSP pre .
Since the lower bound is 0 rather than −∞, the integral expression in (18) exists, which is the second extension.
Denoting
Similarly, during the SSP post , we have
where, α f 2 denotes the quadratic coefficient for the SSP post , ∆ post is the constant term during the SSP post .
Denoting (20) is rewritten as
C. Optimal CoM Trajectory during DSP tr
To minimize the CAOI, following quadratic cost used in [13] during the DSP tr is also utilized here,
Then, (22) can be solved by using optimal control theory. To be brief, we directly give the solution as
where, ∆ tr is the constant term during the DSP tr ,
D. Optimal Solution during the Whole UEWC
Global optimal index can be givens as Step width 100 mm L
Step length 60 mm where, W = W pre +W tr +W post , H = H pre +H tr +H post , ∆ = ∆ pre +∆ tr +∆ post . Therefore, the optimal value to minimize the energetic cost of one UEWC can be given by
IV. SIMULATION RESULTS
A Nao-H25 robot containing 5 joints in each leg link is used with basic parameters listed in Table I . Using the proposed method, we first analyze the energy performance with employing AZR. Then, after extending the approach, the energetic benefit of CoMHV is demonstrated.
A. Bipedal Walking Using AZR
Three forms of ZMP trajectories including instantaneous changes between constant values, constant during SSP with DSP tr and line trajectory during SSP with DSP tr , have been studied in previous work. Herein, we proposed a parabolic ZMP trajectory to further exploit the AZR. In this paper, we assumed rectangular AZR with 40mm width and 40mm length. The time duration of DSP tr (Tdsp), if existed, was set to be 0.21s. 1) Reference trajectories: Using the analytic approach proposed in Section III, the CoM accelerations, CoM velocities, CoM trajectories and ZMP trajectories within one UEWC can be seen in Fig. 4 .
Seen from the partial enlargement (A) in Fig. 4 (a), (2) was strictly satisfied when using the first three reference ZMP trajectories. In addition, observing Fig. 4 (b) , the velocities at the initial and end time are much less than that at the half time, thus the (6) were also satisfied. Using the parabolic reference ZMP, (2) was not satisfied in specific time periods as seen in Fig. 4 (a) . However, this stage merely lasted for a very short time and the CoM velocity during this period was also very low. Thus, the derivation process of the optimal evaluation index in Section II is reasonable.
Since the initial and final CoM boundaries are not constrained at the present, the discontinuous connection of different walking cycles indeed exists, which can be inferred from the partial enlargement in Fig. 4 (c) . For walking pattern generation, this discontinuity at CoM boundaries can be eliminated by polynomial interpolation without significantly changing the overall energy performance. Furthermore, since the CoM during DSP tr is obtained by using optimization without guaranteeing the continuity of ZMP, the discontinuity was not avoided when moving from SSP pre to DSP tr and from DSP tr to SSP post , which is visible in Fig. 4 (d) . Although the discontinuity should be avoided in natural walking, the ZMP trajectory remained within the support polygon and still guaranteed the stability.
2) Energy performance: As can be seen from in Table II , the nominal energetic cost of parabolic reference decreases to be only 20.3% of that using dot reference without DSP tr and the integral energy decreased to be only 17.7%.
B. Bipedal Walking Using CoMHV 1) Reference trajectories generation: Vertical body motion has been observed in human walking, which contributes to lower energy consumption [24] . Taking into account the CoM height variation, the ZMP dynamics are given by As shown in Fig. 5 , we assumed the symmetric parabolic reference CoM height trajectory during the SSP pre and SSP post , with constant acceleration. In addition, the velocity at the peak was set to be zero. For instance, the boundaries for SSP pre are
Since the amplitude (h max ) is very low compared with the stable component of height (Z c ), considering the symmetry of CoM height during SSP pre and SSP post , we merely modified the natural frequency without changing the CoM height. Then, during the whole UEWC, the modified natural frequency (ω m ) becomes,
Then, the method proposed in Section III can be used to solve (26) . 2) Energy performance: To be brief, only the parabolic reference ZMP was used, with four reference height trajectories. Seen from Table IV, the CAOI, the nominal energetic cost, and the integral energetic cost with CoMHV were all reduced. Furthermore, the simulation demonstrated that the energy performance depends much on the average height (Z c ), which implied that the energetic cost would be reduced dramatically if walking with straight knees. 
V. HARDWARE EXPERIMENTS
A. Experimental Setup
Using python language, the time cost for each loop including inverse kinematics calculation is less than 6.5 ms on one 3.3GHz processor. Thus, the algorithm could be implemented in real time.
The actual electrical energy consumption of humanoids was calculated by integrating joint power (electric voltage multiplies by current) during the whole walking process. For hardware experiments, each group of parameters was repeatedly run for 5 times and the average value was used as the ultimate result.
B. Experimental Results
1)
Bipedal walking with employing AZR: Without further explanation, the parameters for hardware experiments were the same with Section IV. Besides, in this section, only the reference ZMP with DSPs was used.
At this stage, no feedback controller was utilized. As can be seen from Fig. 6 , the actual ZMP fluctuated dramatically, especially in the lateral direction. However, the actual ZMP was kept to be within the support polygon formed by support feet thus guaranteed the walking stability.
The actual energy consumption is listed in Table IV . Similar to the simulations, the minimal energetic cost was also obtained when using the parabolic reference ZMP. Under this group of step parameters, the actual energetic cost using parabolic reference ZMP reduced to be 87.4% of that using dot reference. Therefore, the experiments demonstrated the energetic benefit of AZR. Together with Section IV, our experiments have also demonstrated the validity of CAOI for energetic cost evaluation.
2) Bipedal walking with CoMHV: Using the parabolic reference ZMP, the Nao robot can also walk stably, with the energetic costs listed in Table V . Similar with the simulation results, the actual energy consumption was also reduced. We can seen that the actual energetic cost using the 320mm+20mm height trajectory reduced to be 82.3%, more efficient than the 94.7% of CAOI result. The reason is that the torque on knee joint decreased dramatically in this case, which can not be reflected in CAOI.
VI. CONCLUSIONS
In this paper, using the LIPM, we derive the energy consumption model of one unit walking cycle and propose a CoM-Acceleration-based Optimal Index. Unlike the widely used Joint-Power-based evaluation function, the proposed index does not require the computation of the joint angles or input torques in advance. Instead, it can be used to directly generate the energetically efficient CoM trajectory.
Using the proposed criteria, we introduce one analytic method for CoM trajectory solution. Then, we theoretically reveal the energetic benefit of exploiting allowable ZMP region. At the present, four forms of reference ZMP are studied and the optimal CoM trajectories are generated. Results confirm that the parabolic reference ZMP trajectory is significantly better than a linear reference in energy saving. After then, using an approximate solution of nonlinear ZMP dynamics, the energetic benefit of using body vertical motion is also demonstrated. At the present, we focus on minimizing the energy consumption during one unit step, without considering the feasible constraints, such as joint angle limits. Considering the feasibility constraints and other details such as DC motor gain constant and the mass distribution, reference ZMP trajectory and vertical body motion need further optimization to realize energy-efficient walking, which is our current work. Furthermore, we are confident that the CAOI can be easily used as one of the optimization terms of other objective functions in the future. By choosing an appropriate weight, the multi-object optimization for bipedal waking could be realized with guaranteeing the energy efficiency.
